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Abstract
A. D’Agnolo and M. Kashiwara proved that their enhanced solution functor
induces a fully faithful embedding of the triangulated category of holonomic D-
modules into the one of R-constructible enhanced ind-sheaves. In this paper, we
define C-constructible enhanced ind-sheaves and show that the triangulated cate-
gory of them is equivalent to its essential image. Moreover we show that there exists
a t-structure on it whose heart is equivalent to the abelian category of holonomic
D-modules.
1 Introduction
In 1984, the Riemann-Hilbert correspondence for regular holonomic D-modules was
proved by M. Kashiwara [Kas84]. He established an equivalence of categories between
the triangulated category Dbrh(DX) of regular holonomic DX-modules on a complex man-
ifold X and the one DbC−c(CX) of C-constructible sheaves on X. More precisely, we have
functors
Dbrh(DX)op
SolX //∼ DbC−c(CX)
RHX
oo
M  // SolX(M) := RHomDX (M,OX)
RHX(F) := RHom(F ,OtX) Foo
quasi-inverse to each other. Here, OtX is the ind-sheaf of tempered holomorphic functions
(see [KS01] for the definition). The triangulated category DbC−c(CX) has a t-structure(
pD≤0C−c(CX), pD
≥0
C−c(CX)
)
which is called the perverse t-structure. Let us denote by
Perv(CX) := pD≤0C−c(CX) ∩ pD≥0C−c(CX)
its heart and call an object of Perv(CX) a perverse sheaf. The above equivalence induces
an equivalence of categories between the abelian category Modrh(DX) of regular holonomic
DX-modules and the one Perv(CX) of perverse sheaves. The problem of extending the
Riemann-Hilbert correspondence to cover the case of holonomic D-modules with irregular
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singularities had been open for 30 years. In 2015, A. D’Agnolo and M. Kashiwara proved
that there exists an isomorphism of DX-modules
M ∼−→ RHEX
(
SolEX(M)
)
for any holonomic DX-module M ∈ Dbhol(DX) [DK16]. Here, we set SolEX(M) :=
RIhomDX (M,OEX), RHEX(K) := RHomE(K,OEX) and OEX is the enhanced ind-sheaf
of tempered holomorphic functions (see [DK16] for the definition). In particular, the
enhanced solution functor SolEX induces a fully faithful embedding
SolEX : D
b
hol(DX)op ↪→ EbR−c(ICX)
of the triangulated category Dbhol(DX) of holonomic D-modules into the one EbR−c(ICX)
of R-constructible enhanced ind-sheaves. Moreover, in [DK19], they gave a generalized
t-structure
( 1
2E≤cR−c(ICX),
1
2E≥cR−c(ICX)
)
c∈R on E
b
R−c(ICX) and proved that the enhanced
solution functor induces a fully faithful embedding of the abelian category Modhol(DX) of
holonomic DX-modules into 12E≤0R−c(ICX)∩
1
2E≥0R−c(ICX). On the other hand, T. Mochizuki
proved that the image of SolEX can be characterized by the curve test [Moc16].
In this paper, we define C-constructible enhanced ind-sheaves and give a more explicit
description of the essential image of the enhanced solution functor SolEX : D
b
hol(DX)op ↪→
EbR−c(ICX) with them. We say that an enhanced ind-sheafK ∈ E0(ICX) is C-constructible
if there exists a complex stratification {Xα}α∈A of X such that pi−1CZα\Dα ⊗ Ef−1α K
has a modified quasi-normal form along Dα for any α ∈ A (see, Definition 3.14), where
fα : Zα → X is a complex blow-up of Xα along Xα\Xα and Dα := f−1α
(
Xα\Xα
)
. Then we
show that the category consisting of them is a full abelian subcategory of E0R−c(ICX). Let
us denote by EbC−c(ICX) the full subcategory of EbR−c(ICX) consisting of cohomologically
C-constructible complexes. Then the following result is the main theorem of this paper:
Theorem 1.1. For any M ∈ Dbhol(DX), the enhanced solution complex SolEX(M) of
M is a C-constructible enhanced ind-sheaf. On the other hand, for any C-constructible
enhanced ind-sheaf K ∈ EbC−c(ICX), there exists M∈ Dbhol(DX) such that
K
∼−→ SolEX(M).
In particular, we obtain an equivalence of categories
SolEX : D
b
hol(DX)op ∼−→ EbC−c(ICX).
Moreover we show that there exists a t-structure on the triangulated category
EbC−c(ICX) whose heart is equivalent to the abelian category Modhol(DX) of holonomic
D-modules as follows. We set
pE≤0C−c(ICX) := {K ∈ EbC−c(ICX) | shX(K) ∈ pD≤0C−c(CX)},
pE≥0C−c(ICX) := {K ∈ EbC−c(ICX) | DEX(K) ∈ pE≤0C−c(ICX)}
= {K ∈ EbC−c(ICX) | shX(K) ∈ pD≥0C−c(CX)},
where the pair
(
pD≤0C−c(CX), pD
≥0
C−c(CX)
)
is the perverse t-structure on DbC−c(CX), sh :=
αXi
!
0R
E : Eb(ICX)→ Db(CX) is the sheafification functor and DEX is the duality functor
for enhanced ind-sheaves. Then we obtain the second main theorem of this paper.
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Theorem 1.2. The pair
(
pE≤0C−c(ICX), pE
≥0
C−c(ICX)
)
is a t-structure on EbC−c(ICX) and
its heart
Perv(ICX) := pE≤0C−c(ICX) ∩ pE≥0C−c(ICX)
is equivalent to the abelian category Modhol(DX) of holonomic DX-modules.
Moreover, the pair
(
pE≤0C−c(ICX), pE
≥0
C−c(ICX)
)
is related to the generalized t-structure( 1
2E≤cR−c(ICX),
1
2E≥cR−c(ICX)
)
c∈R on E
b
R−c(ICX) as follows
pE≤0C−c(ICX) =
1
2E≤0R−c(ICX) ∩ EbC−c(ICX),
pE≥0C−c(ICX) =
1
2E≥0R−c(ICX) ∩ EbC−c(ICX).
Remark 1.3. (1) We can describe the algebraic irregular Riemann-Hilbert correspon-
dence as similar to the analytic case. See [Ito20] for the details.
(2) We also remark that T.Kuwagaki introduced another approach to the irregular
Riemann-Hilbert correspondence [Kuwa18].
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2 Preliminary Notions and Results
In this section, we briefly recall some basic notions and results which will be used in this
paper.
2.1 Generalized t-Structures
First, let us recall the notion of (classical) t-structure from [BBD]. We say that a full
subcategory S of a category C is strictly full if it contains every object of C which is
isomorphic to an object of S.
Definition 2.1. Let T be a triangulated category. A (classical) t-structure (T ≤0, T ≥0)
on T is a pair of strictly full subcategories of T such that, setting
T ≤n := T ≤0[−n], T ≥n := T ≥0[−n]
for n ∈ Z, we have:
(i) T ≤0 ⊂ T ≤1, T ≥1 ⊂ T ≥0,
(ii) HomT (T ≤0, T ≥1) = 0,
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(iii) for any X ∈ T there exists a distinguished triangle
X≤0 → X → X≥1 +1−−→
in T with X≤0 ∈ T ≤0 and X≥1 ∈ T ≥1.
The full abelian subcategory T ≤0 ∩ T ≥0 is called the heart of the t-structure.
Let us recall the notion of generalized t-structure from [Kas16].
Definition 2.2. A generalized t-structure (T ≤c, T ≥c)c∈R on T is a pair of families of
strictly full subcategories of T satisfying conditions (i)-(iv) below, where we set
T <c :=
⋃
c′<c
T ≤c′ , T >c :=
⋃
c′>c
T ≥c′ for any c ∈ R.
(i) T ≤c = ⋂c′>c T ≤c′ and T ≥c = ⋂c′<c T ≥c′ for any c ∈ R,
(ii) T ≤c+1 = T ≤c[−1] and T ≥c+1 = T ≥c[−1] for any c ∈ R,
(iii) HomT (T <c, T >c) = 0 for any c ∈ R,
(iv) for any X ∈ T and any c ∈ R, there are distinguished triangles in T
X≤c → X → X>c +1−−→, X<c → X → X≥c +1−−→
with X∗ ∈ T ∗ for ∗ eqaul to ≤ c, > c, < c or ≥ c.
Remark that the condition (iii) is equivalent to either of the followings:
(iii)’ HomT (T ≤c, T >c) = 0 for any c ∈ R,
(iii)” HomT (T <c, T ≥c) = 0 for any c ∈ R.
We also remark that we can consider a (classical) t-structure as a generalized t-structure.
2.2 Ind-Sheaves
Let us recall some basic notions on ind-sheaves. References are made to Kashiwara-
Schapira [KS01] and [KS06]. Let M be a good topological space (i.e., a locally compact
Hausdorff space which is countable at infinity and has finite soft dimension). We denote
by Mod(CM) the abelian category of sheaves of C-vector spaces on M and by ICM that
of ind-sheaves on it. Then there exists a natural exact embedding ιM : Mod(CM)→ ICM .
We sometimes omit it. It has an exact left adjoint αM , that has in turn an exact fully
faithful left adjoint functor βM . The category ICM does not have enough injectives.
Nevertheless, we can construct the derived category Db(ICM) for ind-sheaves and the
Grothendieck six operations among them. We denote by ⊗ and RIhom the operations
of tensor products and internal homs, respectively. If f : M → N be a continuous map,
we denote by f−1,Rf∗, f ! and Rf!! the operations of the inverse image, the direct image,
the proper inverse image and the proper direct image, respectively. Note that (f−1,Rf∗)
and (Rf!!, f
!) are pairs of adjoint functors. We also set RHom := αM ◦RIhom.
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2.3 Ind-Sheaves on Bordered Spaces
We shall recall a notion of ind-sheaves on a bordered space and results on it. For the results
in this subsection, we refer to D’Agnolo-Kashiwara [DK16]. A bordered space is a pair
M∞ = (M, Mˇ) of a good topological space Mˇ and an open subset M ⊂ Mˇ . For a locally
closed subset Z ⊂ M of M , we set Z∞ := (Z,Z). A morphism f : (M, Mˇ) → (N, Nˇ) of
bordered spaces is a continuous map f : M → N such that the first projection Mˇ×Nˇ → Mˇ
is proper on the closure Γf of the graph Γf of f in Mˇ×Nˇ . The category of good topological
spaces is embedded into that of bordered spaces by the identification M = (M,M).
We define the triangulated category of ind-sheaves on M∞ = (M, Mˇ) by
Db(ICM∞) := Db(ICMˇ)/Db(ICMˇ\M).
The quotient functor
q : Db(ICMˇ)→ Db(ICM∞)
has a left adjoint l and a right adjoint r, both fully faithful, defined by
l(qF ) := CM ⊗ F, r(qF ) := RIhom(CM , F ).
Moreover they induce equivalences of categories
l : Db(ICM∞)
∼−→ {F ∈ Db(ICMˇ) | CM ⊗ F ∼−→ F},
r : Db(ICM∞)
∼−→ {F ∈ Db(ICMˇ) | F ∼−→ RIhom(CM , F )},
respectively. It is clear that the quotient category
Db(CM∞) := Db(CMˇ)/Db(CMˇ\M)
is equivalent to the derived category Db(CM) of the abelian category Mod(CM) and there
exists an embedding functor Db(CM∞) ↪→ Db(ICM∞). We sometimes write Db(CM∞) for
Db(CM), when considered as a full subcategory of Db(ICM∞). For a morphism f : M∞ →
N∞ of bordered spaces, we have the Grothendieck operations ⊗,RIhom,Rf∗,Rf!!, f−1, f !
(see [DK16, Definitions 3.3.1 and 3.3.4]).
Let jM : M∞ → Mˇ be the morphism of bordered spaces given by the open embedding
M ↪→ Mˇ . Actually, the functors j−1M ' j!M : Db(ICMˇ) → Db(ICM∞) are isomorphic
to the quotient functor and the functor RjM !! : D
b(ICM∞) → Db(ICMˇ) (resp. RjM∗ :
Db(ICM∞) → Db(ICMˇ)) is isomorphic to the functor l (resp. r). Then we have the
following standard t-structure of Db(ICM∞) which is induced by the standard t-structure
of Db(ICMˇ):
D≤0(ICM∞) = {F ∈ Db(ICM∞) | RjM !!(F ) ∈ D≤0(ICMˇ)},
D≥0(ICM∞) = {F ∈ Db(ICM∞) | RjM !!(F ) ∈ D≥0(ICMˇ)}.
We denote by
Hn : Db(ICM∞)→ D0(ICM∞)
the n-th cohomology functor, where we set
D0(ICM∞) := D≤0(ICM∞) ∩D≥0(ICM∞) ' ICM∞ := ICMˇ/ICMˇ\M .
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2.4 Enhanced Ind-Sheaves
Let us recall some basic notions and results on enhanced ind-sheaves. References are
made to D’Agnolo-Kashiwara [DK16] and Kashiwara-Schapira [KS16b]. Let M be a good
topological space. Set R∞ := (R,R) for R := R unionsq {−∞,+∞}, and let t ∈ R be the
affine coordinate. We denote by
+⊗,RIhom+ the convolution functors for ind-sheaves on
M × R∞ := (M × R,M × R). Now we define the triangulated category of enhanced
ind-sheaves on M by
Eb(ICM) := Db(ICM×R∞)/pi−1Db(ICM)
where pi : M ×R∞ →M is a morphism of bordered spaces induced by the first projection
M × R→M . The quotient functor
Q : Db(ICM×R∞)→ Eb(ICM)
has fully faithful left and right adjoints LE,RE : Eb(ICM)→ Db(ICM×R∞) defined by
LE(QF ) := (C{t≥0} ⊕ C{t≤0})
+⊗ F, RE(QF ) := RIhom+(C{t≥0} ⊕ C{t≤0}, F ).
Moreover they induce equivalences of categories
LE : Eb(ICM)
∼−→ {F ∈ Db(ICM×R∞) | (C{t≥0} ⊕ C{t≤0})
+⊗ F ∼−→ F},
RE : Eb(ICM)
∼−→ {F ∈ Db(ICM×R∞) | F ∼−→ RIhom+(C{t≥0} ⊕ C{t≤0}, F )},
respectively, where {t ≥ 0} stands for {(x, t) ∈ M × R | t ∈ R, t ≥ 0} and {t ≤ 0} is
defined similarly. Then we have the following standard t-structure of Eb(ICM) which is
induced by the standard t-structure of Db(ICM×R∞):
E≤0(ICM) = {K ∈ Eb(ICM) | LEK ∈ D≤0(ICM×R∞)},
E≥0(ICM) = {K ∈ Eb(ICM) | LEK ∈ D≥0(ICM×R∞)}.
We denote by
Hn : Eb(ICM)→ E0(ICM)
the n-th cohomology functor, where we set
E0(ICM) := E≤0(ICM) ∩ E≥0(ICM)
' ICM×R∞/pi−1ICM
' {F ∈ ICM×R∞ | (C{t≥0} ⊕ C{t≤0})
+⊗ F ∼−→ F}.
The convolution functors are also defined for enhanced ind-sheaves. We denote them
by the same symbols
+⊗, RIhom+. For a continuous map f : M → N , we can define
also the operations Ef−1, Ef∗, Ef !, Ef!! for enhanced ind-sheaves. Moreover we have
outer-hom functors RIhomE(K1, K2),RHomE(K1, K2),RHomE(K1, K2) with values in
Db(ICM),Db(CM) and Db(C), respectively. Here, Db(C) is the derived category of C-
vector spaces. For F ∈ Db(ICM) and K ∈ Eb(ICM) the objects
pi−1F ⊗K := Q(pi−1F ⊗ LEK),
RIhom(pi−1F,K) := Q(RIhom(pi−1F,REK)).
6
in Eb(ICM) are well defined. Set CEM := Q
(
“ lim−→
a→+∞
” C{t≥a}
)
∈ Eb(ICM). We say that
an object K of ∈ Eb(ICM) is stable if K ' K
+⊗ CEM and we denote by Ebstb(ICM) the
full subcategory of Eb(ICM) consisting of stable enhanced ind-sheaves on M . Note that
K ∈ Eb(ICM) is stable if and only if K ' RIhom+(CEM , K). Then we have a natural
embedding e : Db(CM)→ Ebstb(ICM) defined by
e(F) := CEM ⊗ pi−1F .
Let i0 : M → M × R∞ be the inclusion map of bordered spaces induced by x 7→ (x, 0).
We set
sh := αM ◦ i!0 ◦RE : Eb(ICM)→ Db(CM)
and call it the sheafification functor. By [IT18, Lemma 3.13], we have
sh(K) ' RHomE(C{t≥0} ⊕ C{t≤0}, K)
for an enhanced ind-sheaf K. Note that there exists an isomorphism id
∼−→ sh ◦ e.
For a continuous function ϕ : U → R defined on an open subset U ⊂ M , we set the
exponential enhanced ind-sheaf by
EϕU |M := C
E
M
+⊗Q(C{t+ϕ≥0}),
where {t+ ϕ ≥ 0} stands for {(x, t) ∈M × R | t ∈ R, x ∈ U, t+ ϕ(x) ≥ 0}.
We also define the notion of enhanced ind-sheaves on bordered space M∞ = (M, Mˇ)
and denote by Eb(ICM∞) the triangulated category of the enhanced ind-sheaves on M∞.
We shall skip the details of it. Reference are made to [KS16a].
2.5 R-Constructible Enhanced Ind-Sheaves
We shall recall a notion of the R-constructability for enhanced ind-sheaves and results on
it. References are made to D’Agnolo-Kashiwara [DK19] and [DK16]. In this subsection,
we assume that M is a subanalytic space.
Definition 2.3 ([DK16, Definition 4.9.1]). We denote by DbR−c(CM×R∞) the full subcat-
egory of Db(CM×R∞) consisting of objects F satisfying RjM !F is an R-constructible sheaf
on M × R. We regard DbR−c(CM×R∞) as a full subcategory of Db(ICM×R∞).
Definition 2.4 ([DK16, Definition 4.9.2]). We say that K ∈ Eb(ICM) is R-constructible
if for any relatively compact subanalytic open subset U ⊂M there exists an isomorphism
pi−1CU ⊗K ' CEM
+⊗ F for some F ∈ DbR−c(CM×R∞). We denote by EbR−c(ICM) the full
triangulated subcategory of Eb(ICM) consisting of R-constructible enhanced ind-sheaves.
EbR−c(ICM) has the following standard t-structure which is induced by the standard
t-structure on Eb(ICM):
E≤0R−c(ICM) := E
≤0(ICM) ∩ EbR−c(ICM),
E≥0R−c(ICM) := E
≥0(ICM) ∩ EbR−c(ICM).
We set E0R−c(ICM) := E
≤0
R−c(ICM) ∩ E≥0R−c(ICM).
The following lemma implies that the R-constructability of enhanced ind-shaves is a
local property.
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Lemma 2.5 ([DK16, Lemma 4.9.7]). For K ∈ Eb(ICM), the following conditions are
equivalent :
(i) K ∈ EbR−c(ICM),
(ii) there exist a locally finite family {Zi}i∈I of locally closed subanalytic subset of M
and Fi ∈ DbR−c(CM×R∞) such that M = ∪i∈IZi and
pi−1CZi ⊗K ' CEM
+⊗Fi for all i ∈ I.
We define the Verdier duality functor for enhanced ind-sheaves by
DEM : E
b(ICM)op → Eb(ICM), K 7→ RIhom+(K,ωEM),
where ωEM := e(ωM) = CEM ⊗ pi−1ωM and ωM is the dualizing complex on M (see [DK16,
Definition 4.8.1]). For any K ∈ EbR−c(ICM), DEMK ∈ EbR−c(ICM) and there exists an
isomorphism K
∼−→ DEMDEMK [DK16, Theorem 4.9.12].
By [DK19, Proposition 3.3.12 and Notation 3.3.13], we have a generalized t-structure
( 1
2
E≤cR−c(ICM), 12E
≥c
R−c(ICM))c∈R on EbR−c(ICM) defined by
1
2
E≤cR−c(ICM) :=
{
K ∈ EbR−c(ICM)
∣∣∣∣∣ for any k ∈ Z≥0, there exists a closed subanalytic subset Zof dimension < k with Ei−1(M\Z)∞K ∈ E≤c− k2R−c (IC(M\Z)∞)
}
,
1
2
E≥cR−c(ICM) :=
{
K ∈ EbR−c(ICM)
∣∣∣∣∣ for any k ∈ Z≥0 and any closed subanalytic subset Zof dimension ≤ k, one has Ei!Z∞K ∈ E≥c− k2R−c (ICZ∞)
}
,
where iZ∞ : Z∞ →M is a morphism of bordered spaces given by the embedding iZ : Z ↪→
M . However this t-structure does not behave well with the duality functor DEM . Hence
we define full subcategories of EbR−c(ICM) by
1
2E≤cR−c(ICM) := {K ∈ EbR−c(ICM) | K ∈ 12E
≤c
R−c(ICM),D
E
XK ∈ 1
2
E
≥−c− 1
2
R−c (ICM)},
1
2E≥cR−c(ICM) := {K ∈ EbR−c(ICM) | DEMK ∈
1
2E≤−cR−c(ICM)}
= {K ∈ EbR−c(ICM) | K ∈ 1
2
E
≥c− 1
2
R−c (ICM),D
E
XK ∈ 1
2
E≤−cR−c(ICM)}.
Then
( 1
2E≤cR−c(ICM),
1
2E≥cR−c(ICM)
)
c∈R is a generalized t-structure of E
b
R−c(ICM) by [DK19,
Theorem 3.5.2 and Definition 3.5.8] and for any c ∈ Z we have
1
2E≤cR−c(ICM) ⊂ 12E
≤c
R−c(ICM) ⊂ E≤cR−c(ICM),
E≥cR−c(ICM) ⊂ 12E
≥c
R−c(ICM) ⊂
1
2E≥cR−c(ICM)
by [DK19, Lemma 3.2.3, Lemma 3.4.4 and (3.5.1)].
8
2.6 D-Modules
In this subsection we recall some basic notions and results on D-modules. References are
made to [HTT08], [Bjo¨93], [KS01, §7], [DK16, §8, 9] and [KS16b, §3, 4, 7]. For a complex
manifold X we denote by dX its complex dimension. Denote by OX and DX the sheaves
of holomorphic functions and holomorphic differential operators on X, respectively. Let
Db(DX) be the bounded derived category of left DX-modules. Moreover we denote by
Dbcoh(DX), Dbhol(DX) and Dbrh(DX) the full triangulated subcategories of Db(DX) consist-
ing of objects with coherent, holonomic and regular holonomic cohomologies, respectively.
For a morphism f : X → Y of complex manifolds, denote by D⊗,RHomDX ,Df∗,Df ∗,
DX : Dbcoh(DX)op ∼−→ Dbcoh(DX) the standard operations for D-modules. The classical
solution functor is defined by
SolX : D
b
coh(DX)op → Db(CX), M 7−→ RHomDX (M,OX).
For a closed hypersurface D in X we denote by OX(∗D) the sheaf of meromorphic func-
tions on X with poles in D. Then forM∈ Db(DX) we setM(∗D) :=M
D⊗OX(∗D). For
f ∈ OX(∗D) let us denote EfX\D|X the meromorphic connection on X along D associated
to d + df [DK16, Definition 6.1.1]. Denote by OEX the enhanced ind-sheaf of tempered
holomorphic functions [DK16, Definition 8.2.1] and by SolEX the enhanced solution functor:
SolEX : D
b
coh(DX)op → Eb(ICX), M 7−→ RIhomDX (M,OEX),
[DK16, Definition 9.1.1]. Note that for M∈ Dbcoh(DX), we have an isomorphism
sh
(
SolEX(M)
) ' SolX(M)
by [DK16, Lemma 9.5.5].
Let us recall the results of [DK16]. We note that (3) of Theorem 2.6 below was proved
in [DK16] under the assumption that M has a globally good filtration. However, any
holonomic D-module on X has a globally defined good filtration by [Mal94a, Mal94b,
Mal96] (see also [Sab11, Theorem 4.3.4]).
Theorem 2.6 ([DK16, §9.4]). (1) For M ∈ Dbhol(DX) there is an isomorphism in
Eb(ICX)
SolEX(DXM)[2dX ] ' DEXSolEX(M).
(2) Let f : X → Y be a morphism of complex manifolds. Then for N ∈ Dbhol(DY ) there
is an isomorphism in Eb(ICX)
SolEX(Df
∗N ) ' Ef−1SolEY (N ).
(3) Let f : X → Y be a proper morphism of complex manifolds. For M ∈ Dbhol(DX)
there exists an isomorphism in Eb(ICY )
SolEY (Df∗M)[dY ] ' Ef∗SolEX(M)[dX ].
(4) For M1,M2 ∈ Dbhol(DX), there exists an isomorphism in Eb(ICX)
SolEX(M1
D⊗M2) ' SolEX(M1)
+⊗ SolEX(M2).
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(5) Let M ∈ Dbhol(DX) and D ⊂ X be a closed hypersurface, then there exists an
isomorphism in Eb(ICX)
SolEX
(M(∗D)) ' pi−1CX\D ⊗ SolEX(M).
(6) Let D be a closed hypersurface in X and f ∈ OX(∗D) a meromorphic function along
D. Then there exists an isomorphism in Eb(ICX)
SolEX
(EϕX\D|X) ' EReϕX\D|X .
We also recall the following theorems ([DK16, Theorem 9.6.1], [DK16, Theorem 9.1.3]
and [DK19, Theorem 4.5.1]).
Theorem 2.7. (1) The enhanced solution functor induces an embedding
SolEX : D
b
hol(DX)op ↪→ EbR−c(ICX).
Moreover for any M∈ Dbhol(DX) there exists an isomorphism
M ∼−→ RHEX
(
SolEX(M)
)
,
where RHEX(K) := RHomE(K,OEX).
(2) For any M∈ Dbrh(DX) there exists an isomorphism
SolEX(M) ' e
(
SolX(M)
)
and hence there exists a commutative diagram
Dbhol(DX)op 
 SolEX //

EbR−c(ICX)
Dbrh(DX)op SolX
∼ //
⋃
DbC−c(CX).
?
e
OO
(3) For any c ∈ R we have
SolEX
(
D≤chol(DX)
)
[dX ] ⊂ 1
2
E≥−cR−c(ICX) ⊂
1
2E≥−cR−c(ICX),
SolEX
(
D≥chol(DX)
)
[dX ] ⊂ 12E≤−cR−c(ICX),
RHEX
(
1
2E≤cR−c(ICX)
)
[dX ] ⊂ D≥−c(DX).
Moreover, we have
SolEX
(
Modhol(DX)
)
[dX ] ⊂ 12E≤0R−c(ICX) ∩
1
2E≥0R−c(ICX).
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At the end of this subsection, let us recall the notion of Mreg. We denote by D∞X
the sheaf of rings of differential operators of infinite order on X, and by Db(D∞X ) the
derived category ofD∞X -modules. Let us remark that Db(D∞X ) has the standard t-structure(
D≤0(D∞X ),D≥0(D∞X )
)
. We set M∞ := D∞X ⊗DXM and hence we obtain a functor
(·)∞ : Mod(DX)→ Mod(D∞X ), M 7→M∞.
Note that D∞X is faithfully flat over DX [SKK, p 406]. Hence, we also obtain a functor
(·)∞ : Db(DX)→ Db(D∞X )
between derived categories. We say that a D∞X -module M is holonomic (resp. regular
holonomic) if there exists a holonomic (resp. regular holonomic) DX-modules M such
that M 'M∞. Let us denote by Dbhol(D∞X ) (resp. Dbrh(D∞X )) the full triangulated subcat-
egory of Db(D∞X ) consisting of objects whose cohomologies are holonomic (resp. regular
holonomic) D∞X -modules. However, by the following proposition, we have
Dbhol(D∞X ) = Dbrh(D∞X ).
Proposition 2.8 ([Bjo¨93, Theorem 5.5.22], [KK, Theorem 5.2.1] and [Kas84, Proposition
5.7]).
(1) Let M be a holonomic DX-module. Then there exists a unique regular holonomic
DX-module Mreg such that
(i) M∞reg 'M∞,
(ii) Mreg contains every regular holonomic DX-submodule of M∞,
(iii) SolX(Mreg) ' SolX(M).
(2) There exists an isomorphism
Mreg ' {s ∈M∞ | DX · s ∈ Modrh(DX)}.
By this proposition, we obtain a functor
(·)reg : Modhol(DX)→ Modrh(DX), M 7→Mreg.
Here for a morphism ϕ :M→N of holonomicDX-modules, then we set ϕreg = (ϕ∞)|Mreg .
We call it the regularization functor. Note that this is an exact functor. Hence, we can
also consider the functor
(·)reg : Dbhol(DX)→ Dbrh(DX)
between derived categories.
2.7 DA-Modules
In this subsection we recall some notions and results on DA
X˜
in [DK16, §7]. Let X be an
n-dimensional complex manifold and Y ⊂ X a smooth closed hyepersurface. The real
blow-up $X : X˜Y → X of X along Y is the real analytic map of real analytic manifolds
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locally defined as follows. We take local coordinates (z, w) ∈ C × Cn−1 on X such that
Y = {z = 0}. Then we has
X˜Y = {(t, ζ, w) ∈ R× C× Cn−1 | |ζ| = 1, t ≥ 0}
and
$X : X˜Y → X (t, ζ, w) 7→ (tζ, w).
Let now D be a normal crossing divisor of X, and locally write D = D1 ∪ · · · ∪Dr where
Di is a smooth closed hypersurface of X. Then the real blow-up of X along D is defined
by
X˜D := X˜D1 ×
X
· · · ×
X
X˜Dr
and
$X : X˜D → X.
Sometimes we abbreviate $X to $ : X˜ → X for simplicity. Denote by OtX˜ ∈ Db(ICX˜)
the ind-sheaf of tempered holomorphic functions on X˜. See [DK16, Notation 7.2.6] for
the definition. We set AX˜ := αX˜(OtX˜) (see [DK16, Proposition 7.2.10] for precisely) and
DA
X˜
:= AX˜ ⊗$−1OX $−1DX ,
MA := DA
X˜
L⊗$−1DX $−1M' AX˜
L⊗$−1OX $−1M
forM∈ Db(DX). Recall that a section of AX˜ is a holomorphic function having moderate
growth at $−1X (D). Note that AX˜ and DAX˜ are sheaves of rings on X˜. For M ∈ Db(DAX˜)
we define the enhanced solution functor on X˜ by
SolE
X˜
(M ) := RIhomDA
X˜
(M ,OE
X˜
)
where OE
X˜
∈ Eb(ICX˜) is the enhanced ind-sheaf of tempered holomorphic functions on X˜
(See [DK16, Definition 9.2.1] for the definition).
From now on, we introduce the result of K.S. Kedlaya and T. Mochizuki. Let X be a
complex manifold and D ⊂ X a normal crossing divisor in it. Let us take local coordinates
(u1, . . . , ul, v1, . . . , vdX−l) of X such that D = {u1u2 · · ·ul = 0}. We define a partial order
≤ on the set Zl by
a ≤ a′ ⇐⇒ ai ≤ a′i (1 ≤ i ≤ l).
Then for a meromorphic function ϕ ∈ OX(∗D) on X along D which has the Laurent
expansion
ϕ =
∑
a∈Zl
ca(ϕ)(v) · ua ∈ OX(∗D)
with respect to u1, . . . , ul, we define its order ord(ϕ) ∈ Zl by the minimum
min
(
{a ∈ Zl | ca(ϕ) 6= 0} ∪ {0}
)
if it exists. For any f ∈ OX(∗D)/OX , we take any lift f˜ to OX(∗D), and we set ord(f) :=
ord(f˜), if the right hand side exists. Note that it is independent of the choice of a lift
f˜ . If ord(f) 6= 0, cord(f)(f˜) is independent of the choice of a lift f˜ , which is denoted by
cord(f)(f).
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Definition 2.9 ([Moc11, Definition 2.1.2]). In the situation as above, let us set
Y = {u1 = u2 = · · · = ul = 0}.
A finite subset I ⊂ OX(∗D)/OX is called a good set of irregular values on (X,D), if the
following conditions are satisfied:
- ord(f) exists for each element f ∈ I. If f 6= 0 in OX(∗D)/OX , cord(f)(f) is invertible
on Y .
- ord(f − g) exists for two distinct f, g ∈ I, cord(f−g)(f − g) is invertible on Y .
- The set {ord(f − g) | f, g ∈ I} is totally ordered with respect to the above partial
order ≤ on Zl.
Definition 2.10. We say that a holonomic DX-moduleM has a normal form along D if
(i) M ∼−→M(∗D)
(ii) Sing.Supp(M) ⊂ D
(iii) for any θ ∈ $−1(D) ⊂ X˜, there exist an open neighborhood U ⊂ X of $(θ), a good
set of irregular values {ϕi} on (U,U ∩ D) and an open neighborhood V of θ with
V ⊂ $−1(U) such that
(M|U)A|V '
(⊕
i
(EϕiU\D|U)A)|V .
A ramification of X along a normal crossing divisor D on a neighborhood U of x ∈ D
is a finite map p : U ′ → U of complex manifolds of the form z′ 7→ z = (z1, z2, . . . , zn) =
p(z′) = (z′m11 , . . . , z
′mr
r , z
′
r+1, . . . , z
′
n) for some (m1, . . . ,mr) ∈ (Z>0)r, where (z′1, . . . , z′n)
is a local coordinate system of U ′ and (z1, . . . , zn) is the one of U such that D ∩ U =
{z1 · · · zr = 0}.
Definition 2.11. We say that a holonomic DX-moduleM has a quasi-normal form along
D if it satisfies the conditions (i), (ii) in Definition 2.10 and if for any x ∈ D there exists a
ramification px : U
′
x → Ux on a neighborhood Ux of x such that Dp∗x(M|Ux) has a normal
form along p−1x (D ∩ Ux).
Note that Dp∗x(M|Ux) as well as Dpx∗Dp∗x(M|Ux) is concentrated in degree zero and
M|Ux is a direct summand of Dpx∗Dp∗x(M|Ux).
A modification of X with respect to an analytic hypersurface Y is a projective map
f : X ′ → X such that D′ := f−1(Y ) is a normal crossing divisor of X ′ and f induces an
isomorphism X ′ \D′ ∼−→ X \Y . The following fundamental result is due to K.S. Kedlaya
and T. Mochizuki:
Theorem 2.12 ([Ked10, Ked11, Moc09, Moc11]). For a holonomic DX-module M and
x ∈ X, there exist an open neighborhood Ux of x, a closed hypersurface Yx ⊂ Ux and a
modification fx : U
′
x → Ux with respect to Yx such that
(i) Sing.Supp(M) ∩ Ux ⊂ Yx,
(ii) (Df ∗xM)(∗D′x) has a quasi-normal form along Dx, where D′x := f−1x (Yx) is a normal
crossing divisor of U ′x.
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Corollary 2.13. Let M be a meromorphic connection on X along an analytic hyper-
surface Y . Then for any x ∈ Y there exist an open neighborhood Ux and a modification
fx : U
′
x → Ux along Yx := Y ∩ Ux such that Df ∗xM has a quasi-normal form along
D′x := f
−1
x (Yx).
At the end of this subsection, we shall introduce the following results of a joint work
with K. Takeuchi [IT18]:
Theorem 2.14 ([IT18, Theorem 3.12]). Let X be a complex manifold and D a normal
crossing divisor in it. For M∈ Dbhol(DX) and an open sector V ⊂ X \D along D we set
K := pi−1CV ⊗ SolEX(M). Then for any open subset W of X˜ such that W ∩ $−1(D) 6=
∅,W ⊂ Int
(
$−1(V )
)
, there exists an isomorphism
MA|W ' RHomE
((
E$!RIhom(pi−1CX\D, K)
)|W ,OEX˜ |W)
in Db(DA
X˜
).
This result means that we can reconstruct the DA
X˜
-module structure ofMA on W ⊂ X˜
by the enhanced ind-sheaf K = pi−1CV ⊗SolEX(M). We regard Theorem 2.14 as a sectorial
refinement of the irregular Riemann-Hilbert correspondence of [DK16]. Conversely, we
can reconstruct the enhanced ind-sheaf pi−1CV ⊗ SolEX(M) by the DAX˜-module structure
of MA on W ⊂ X˜ as follows:
Theorem 2.15 ([IT18, Theorem 3.8]). Let X be a complex manifold and D a normal
crossing divisor in it. For M ∈ Dbhol(DX) and an open subset W of X˜ such that W ∩
$−1(D) 6= ∅, we set K := Ei−1W SolEX˜(MA) = SolEW (MA|W ), where iW : W ↪−→ X˜ is the
inclusion map. Then for any open sector V ⊂ X\D along D such that V˜ := $−1(V ) ⊂ W ,
there exists an isomorphism
pi−1CV ⊗ SolEX(M) ' E$∗(pi−1C$−1(V ) ⊗ EiV˜ ∗Ej−1K )
in Eb(ICX), where j : V˜ ↪−→ W and iV˜ : V˜ ↪−→ X˜ are the inclusion maps.
The following proposition will be used in the proof of Sublemma 3.9:
Proposition 2.16 ([IT18, Proposition 3.19]). In the situation as above, let $X : X˜ → X
be the real blow-up of X along the normal crossing divisor D. Assume that ϕ1, . . . , ϕm
(resp. ψ1, . . . , ψm) ∈ OX(∗D)/OX form a good set of irregular values on (X,D). Assume
also that for a point θ ∈ $−1X (Y ) ⊂ $−1X (D) there exists its open neighborhood U in X˜ on
which we have an isomorphism
Φ :
m⊕
j=1
AX˜eϕj
∼−→
m⊕
i=1
AX˜eψi
of DA
X˜
-modules, where Y is the subset of X in Definition 2.9. Then after reordering ϕj’s
and ψi’s for any 1 ≤ j ≤ m we have ϕj = ψj.
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3 Main Result
In this section, we define C-constructible enhanced ind-sheaves and prove that they are
nothing but the images of objects of Dbhol(DX) via the enhanced solution functor.
3.1 Ind-Stalk for Enhanced Ind-Sheaves
In this subsection, we define ind-stalks for an enhanced ind-sheaf. Let M be a good
topological space (i.e., a locally compact Hausdorff space which is countable at infinity
and has finite soft dimension).
Definition 3.1. Let Z be a locally closed subset of M . For K ∈ Eb(ICM), we set
ZK := K ⊗ pi−1(βMCZ) ∈ Eb(ICM).
Sometimes, we abbreviate {x}K to xK for x ∈ M and we call xK the ind-stalk of K
at x ∈M .
Remark that the functor Z(·) : Eb(ICM) → Eb(ICM) is t-exact with respect to the
standard t-structure by [DK19, Lemma 2.7.5 (i)].
Proposition 3.2. Let K,L ∈ Eb(ICM) and Φ : K → L be a morphism of enhanced
ind-sheaves. If the morphism
xΦ : xK → xL
induced by Φ is an isomorphism for any x ∈M , then Φ is an isomorphism.
Proof. Since there exists an object MΦ ∈ Eb(ICM) such that a triangle
K
Φ−−→ L −→MΦ +1−−→
is a distinguished triangle, it is enough to show that if x(MΦ) ' 0 for any x ∈ M then
MΦ ' 0 in Eb(ICM). This follows from Lemma 3.3.
Lemma 3.3. Let K be an object of Eb(ICM). If xK ' 0 in Eb(ICM) for any x ∈ M ,
then we have K ' 0 in Eb(ICM).
Proof. Let K = Q(F ). Namely K is represented by F ∈ Db(ICM×R∞). Then we have
xK = Q(F ⊗ pi−1(βMCx)). By the assumption, there exist isomorphisms
0 ' LE(Q(F ⊗ pi−1(βMCx)))
' (C{t≤0} ⊕ C{t≥0})
+⊗ (F ⊗ pi−1(βMCx))
' ((C{t≤0} ⊕ C{t≥0}) +⊗ F)⊗ pi−1(βMCx)
in Db(ICM×R∞) for any x ∈ M , where in the last isomorphism we used [DK16, Lemma
4.3.1]. Therefore by Sublemma 3.4 below, we have
LE(K) ' (C{t≤0} ⊕ C{t≥0})
+⊗ F ' 0
in Db(ICM×R∞) and hence K ' 0 in Eb(ICM).
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Sublemma 3.4. Let F ∈ Db(ICM×R∞). If F ⊗ pi−1(βMCx) ' 0 in Db(ICM×R∞) for any
x ∈M , we have F ' 0 in Db(ICM×R∞).
Proof. Let F = q(F). Namely, F is represented by F ∈ Db(ICM×R). In this case by
[DK16, Lemma 3.3.12] we have
F ⊗ pi−1(βMCx) ' q
(F ⊗ pi−1(βMCx))
where pi : M × R→ M is the canonical projection. By the assumption, we have isomor-
phisms
0 ' l(q(F ⊗ pi−1(βMCx)))
' CM×R ⊗
(F ⊗ pi−1(βMCx))
' CM×R ⊗
(F ⊗ βM×RC{x}×R)
' (CM×R ⊗F)⊗ βM×RC{x}×R
' {x}×R(CM×R ⊗F)
in Db(ICM×R) for any x ∈M , where in the last isomorphism we used [KS01, Proposition
4.2.14 (i)]. Therefore we have
l(F ) ' CM×R ⊗F ' 0
in Db(ICM×R) by [KS01, Proposition 4.3.21] and hence F ' 0 in Db(ICM×R∞).
Remark 3.5. Let U ⊂M be an open subset of M and iU : U ↪→M the open embedding.
Then we have isomorphisms in ICM
βMCU ' RiU !!i−1U (βMCM) ' RiU !!i−1U (ιMCM)
by [KS01, Proposition 4.3.17, Corollary 4.3.7, Example 3.3.25 and Theorem 3.3.26]. Hence
for K ∈ Eb(ICM) there exists an isomorphism in Eb(ICM)
UK ' EiU !!Ei−1U K.
3.2 Normal Form
In this subsection, we define enhanced ind-sheaves which have a normal form along a
normal crossing divisor and prove that they are nothing but the images of holonomic
D-modules which have a normal form via the enhanced solution functor. Let X be a
complex manifold and D a normal crossing divisor of X.
Definition 3.6. We say that an R-constructible enhanced ind-sheaf K ∈ E0R−c(ICX) has
a normal form along D if
(i) pi−1CX\D ⊗K ∼−→ K,
(ii) for any x ∈ X \ D there exist an open neighborhood Ux ⊂ X \ D of x and a
non-negative integer k such that
K|Ux ' (CEUx)⊕k,
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(iii) for any x ∈ D there exist an open neighborhood Ux ⊂ X of x, a good set of irregular
values {ϕi}i on (Ux, D ∩ Ux) and a finite sectorial open covering {Ux,j}j of Ux\D
such that
pi−1CUx,j ⊗K|Ux '
⊕
i
EReϕiUx,j |Ux for any j.
The following sublemma will be used later in this paper. We shall skip the details of
enhanced ind-sheaves with ring actions. References are made to [KS01, §5.4, 5.5 and 5.6],
[DK16, §4.10], [KS16a, §2.7] and [KS16b, §6.7].
Sublemma 3.7. Let M be a subanalytic space and A a sheaf of C-algebras on M which has
a finite flat dimension. Let K ∈ EbR−c(ICM), L ∈ Ebstb(ICM)∩Eb(IA) and F ∈ Db(Aop).
Then we have an isomorphism
F L⊗A RHomE(K,L) ∼−→ RHomE(K, pi−1βMF
L⊗pi−1βMA L).
Proof. Note that there exists a canonical morphism
F L⊗A RHomE(K,L)→ RHomE(K, pi−1βMF
L⊗pi−1βMA L).
We shall prove that it is an isomorphism. Since K is R-constructible, we may assume
K = CEM
+⊗ G for G ∈ Db(CM×R∞). Then we have isomorphisms
RHomE(K,L) = RHomE(CEM
+⊗ G, L)
' RHomE(G,RIhom+(CEM , L))
' RHomE(G, L),
where in the last isomorphism we used the assumption that L is a stable object. Note
that there exists an isomorphism
RHomE(G, L) ' αMRpi∗RIhom(RjM !!LEG,RjM !!LEL)
by [DK16, Lemma 3.3.7 (iv), Lemma 4.5.12], where pi : M×R→M is the first projection.
Hence we have isomorphisms
F L⊗A RHomE(K,L) ' F ⊗A RHomE(G, L)
' F L⊗A
(
αMRpi∗RIhom(RjM !!LEG,RjM !!LEL)
)
' αMRpi∗
(
pi−1βMF
L⊗pi−1βMA RIhom(RjM !!LEG,RjM !!LEL)
)
' αMRpi∗RIhom(RjM !!LEG, pi−1βMF
L⊗pi−1βMA RjM !!LEL)
' αMRpi∗RIhom(RjM !!LEG,RjM !!
(
pi−1βMF
L⊗pi−1βMA LEL
))
' αMRpi∗RIhom(RjM !!LEG,RjM !!LE
(
pi−1βMF
L⊗pi−1βMA L
))
' RHomE(G, pi−1βMF
L⊗pi−1βMA L),
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in the thirwr. forth, fifth, sixth) isomorphism we used [KS01, Theorem 5.2.7] (resp. [KS01,
Theorem 5.6.1 (ii)], [DK16, Lemma 3.3.7 (iv)], [DK16, Lemma 4.3.1]). More over, since
L is a stable object, pi−1βMF ⊗pi−1βMA L is also stable by [DK16, Lemma 4.3.1]. Then we
have
RHomE(G, pi−1βMF
L⊗pi−1βMA L) ' RHomE(K, pi−1βMF
L⊗pi−1βMA L),
and hence the proof is completed.
We need the following sublemmas to prove Lemma 3.10 below:
Sublemma 3.8. Let Y be an analytic hypersurface of X.
(1) If a holonomic DX-module M satisfies
(a) M ∼−→M(∗Y ),
(b) Sing.Supp(M) ⊂ Y
then the enhanced solution complex K := SolEX(M) ∈ E0R−c(ICX) of M satisfies
(a)′ pi−1CX\Y ⊗K ∼−→ K,
(b)′ for any x ∈ X \ Y there exist an open neighborhood Ux ⊂ X \ Y of x and a
non-negative integer k such that
K|Ux ' (CEUx)⊕k.
(2) On the other hand, If K ∈ E0R−c(ICX) satisfies the above conditions (a)′ and (b)′,
then M = RHEX(K) ∈ Db(DX) satisfies the above conditions (a) and (b).
Proof.
(1) By Theorem 2.6 (5) and the condition (a), we have isomorphisms
pi−1CX\Y ⊗K = pi−1CX\Y ⊗ SolEX(M)
' SolEX
(M(∗Y ))
' SolEX(M) = K.
By the definition of Sing.Supp(M) ⊂ Y , for any x ∈ X \ Y there exist an open neigh-
borhood Ux ⊂ X \ Y of x and a non-negative integer k such that M|Ux ' O⊕kUx and
hence
K|Ux = SolEX(M)|Ux ' SolEUx(M|Ux) ' SolEUx(O⊕kUx ) ' (CEUx)⊕k,
by the fact that there exists an isomorphism SolEX(OX) ' CEX (see Theorem 2.7 (2)).
Therefore, K satisfies the condition (b)′ as above. Remark that K := SolEX(M) ∈ Eb(ICX)
is concentrated in degree zero by [Moc16, Corollary 5.21, Lemma 9.5, Proposition 9.6 and
Theorem 9.3].
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(2) First we shall show that the condition (a)′ implies that M = RHEX(K) satisfies the
condition (a). In fact, we have isomorphisms
M(∗Y ) =M D⊗OX(∗Y )
= RHomE(K,OEX)
D⊗OX(∗Y )
' RHomE(K,OEX D⊗OX(∗Y ))
' RHomE(K,RIhom(pi−1CX\Y ,OEX))
' RHomE(pi−1CX\Y ⊗K,OEX)
' RHomE(K,OEX) =M,
where the third isomorphism follows from Sublemma 3.7, the forth one follows from
OEX
D⊗ OX(∗Y ) ' RIhom(pi−1CX\Y ,OEX) (see, e.g., [KS16b, p.88]), and the sixth one
follows from the condition (a)′.
We shall show that the condition (b)′ implies thatM satisfies the condition (b). Now,
for any x ∈ X \D there exist an open neighborhood Ux ⊂ X \D of x and a non-negative
integer k such that K|Ux ' (CEUx)⊕k. Hence, we have isomorphisms
M|Ux ' RHomE(K,OEX)|Ux
' RHomE(K|Ux ,OEUx)
' RHomE((CEUx)⊕k,OEUx)
' RHomE(CEUx ,OEUx)⊕k ' O⊕kUx ,
where in the last isomorphism we used the fact RHEX(CEX) ' RHEX
(
SolEX(OX)
) ' OX (see,
Theorem 2.7 (1)).
Sublemma 3.9. The condition (iii) in Definition 2.10 is equivalent to the following con-
dition (iii)′ : for any x ∈ D, there exist an open neighborhood Vx ⊂ X of x, a good set
of irregular values {ϕxi } on (Vx, Vx ∩D) such that for any θ ∈ $−1(x) there exists an an
open neighborhood Wx,θ of θ such that
Wx,θ ⊂ $−1(Vx) and (M|Vx)A|Wx,θ '
(⊕
i
(EϕxiVx\D|Vx)A)|Wx,θ .
Proof. We shall only prove (iii) ⇒ (iii)′. Let M be a holonomic DX-module which has
a normal form along D. Then, for any x ∈ D and any θ ∈ $−1(x) ⊂ $−1(D) there
exist an open neighborhood Vx,θ of x = $(θ), a good set of irregular values {ϕx,θi }i on
(Vx,θ, Vx,θ ∩D) and an open subset Wx,θ ⊂ $−1(Vx,θ) such that
(M|Vx,θ)A|Wx,θ '
⊕
i
(Eϕ
x,θ
i
Vx,θ\D|Vx,θ)
A|Wx,θ .
Let us consider two points θ, η ∈ $−1(x) such that Wx,θ ∩Wx,η 6= ∅. Then we obtain an
isomorphism⊕
i
(Eϕx,θi |Vx,θ∩Vx,ηVx,θ∩Vx,η\D|Vx,θ∩Vx,η)A|Wx,θ∩Wx,η '⊕
i
(Eϕx,ηi |Vx,θ∩Vx,ηVx,θ∩Vx,η\D|Vx,θ∩Vx,η)A|Wx,θ∩Wx,η .
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Since {ϕx,θi }i and {ϕx,θi }i are good sets of irregular values, we obtain equality
ϕx,θi |Vx,θ∩Vx,η = ϕx,ηi |Vx,θ∩Vx,η
by Proposition 2.16. We set Vx := ∪θ∈$−1(x)Vx,θ, then there exist a good set of irregular
values {ϕi}i on (Vx, Vx ∩D) such that ϕi|Vx,θ = ϕx,θi and
(M|Vx)A|Wx,θ '
⊕
i
(EϕiVx\D|Vx)A|Wx,θ .
The following lemma means that the enhanced solution functor SolEX induces an equiv-
alence of categories between the full subcategory of E0R−c(ICX) consisting of objects which
have a normal form and the one of Mod(DX) consisting of objects which have a normal
form.
Lemma 3.10. (1) For any holonomic DX-module M which has a normal form along
D, the enhanced solution complex K := SolEX(M) of M has a normal form along
D.
(2) For any enhanced ind-sheaf K ∈ E0R−c(ICX) which has a normal form along D,
RHEX(K) is a holonomic DX-module which has a normal form along D and there
exists an isomorphism
K
∼−→ SolEX
(
RHEX(K)
)
.
Proof.
(1) Let M be a holonomic DX-module which has a normal form along D. By Sublemma
3.8 (1), it is enough to show that K := SolEX(M) satisfies the condition (iii) in Definition
3.6.
SinceM has a normal form along D, by Sublemma 3.9, for any x ∈ D, there exist an
open neighborhood Vx ⊂ X of x, a good set of irregular values {ϕxi } on (Vx, Vx ∩D) such
that for any θ ∈ $−1(x) there exists an an open neighborhood Wx,θ of θ such that
Wx,θ ⊂ $−1(Vx) and (M|Vx)A|Wx,θ '
(⊕
i
(EϕxiVx\D|Vx)A)|Wx,θ .
By Theorem 2.15, for any open sector Sx,θ ⊂ Vx \D such that $−1(Sx,θ) ⊂ Wx,θ we have
an isomorphism
pi−1CSx,θ ⊗K|Vx '
⊕
i
EReϕ
x
i
Sx,θ|Vx .
Therefore, we obtain an open neighborhood
Ux := ∪θ∈$−1(x)$
(
Int
(
$−1(Sx,θ)
)) ⊂ Vx
of x which satisfies Ux \D = ∪θ∈$−1(x)Sx,θ. Since $−1(x) is compact, we obtain a finite
sectorial open covering {Ux,j}j ⊂ {Sx,θ}θ∈$−1(x) of Ux\D. Hence for any x ∈ D there exist
an open neighborhood Ux ⊂ X of x, a good set of irregular values {ϕxi } on (Ux, Ux ∩D)
and a finite sectorial open covering {Ux,j}j of Ux\D such that
pi−1CUx,j ⊗K|Ux '
⊕
i
EReϕ
x
i
Ux,j |Ux .
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(2) Let us consider M := RHEX(K) ∈ Db(DX). By Sublemma 3.8 (2), M satisfies the
conditions M(∗D) ' M and Sing.Supp(M) ⊂ D. We shall prove that M is a holo-
nomic DX-module which satisfies the condition (iii) in Definition 2.10 and the canonical
morphism Φ : K → SolEX(RHEX(K)) is an isomorphism.
First, let us prove that M is holonoimc and the canonical morphism Φ is an isomor-
phism. Since K satisfies the condition (ii) in Definition 3.6,M is holonomic on X\D and
the restriction Φ|X\D of Φ to X\D is an isormorphism. Hence, it is enough to prove that
for any x ∈ D there exists an open neighborhood Ux of x such thatM is holonomic on Ux
and the restriction Φ|Ux of Φ to Ux is an isomorohism by Proposition 3.2 (see also Remark
3.5). Since K satisfies the condition (iii) in Definition 3.6, for any x ∈ D, there exist an
open neighborhood Ux ⊂ X of x, a good set of irregular values {ϕi}i on (Ux, Ux ∩D) and
a finitely sectorial open covering {Ux,j}j of Ux\D such that
pi−1CUx,j ⊗K|Ux '
⊕
i
EReϕiUx,j |Ux .
By [Moc16, Theorem 9.3, Lemma 9.8], we have M|Ux ∈ Conn(Ux;Ux ∩D) (in particular
M|Ux is holonomic) and Φ|Ux : K|Ux ∼−→ SolEX(M)|Ux . Therefore M is a holonomic
DX-module and the canonical morphism K → SolEX(M) is an isomorphism.
We shall prove thatM satisfies the condition (iii) in Definition 2.10. Since K satisfies
the condition (iii) in Definition 3.6, we have isomorphisms
pi−1CUx,j ⊗ SolEUx(M|Ux) ' pi−1CUx,j ⊗K|Ux
'
⊕
i
EReϕiUx,j |Ux
'
⊕
i
(
pi−1CUx,j ⊗ EReϕiUx\D|Ux
)
'
⊕
i
(
pi−1CUx,j ⊗ SolEUx(EϕiUx\D|Ux)
)
' pi−1CUx,j ⊗ SolEUx
(⊕
i
EϕiUx\D|Ux
)
,
where in the first (resp. forth) isomorphism we used the fact K
∼−→ SolEX(M) (resp.
Theorem 2.6 (6)). Let us denote by U˜x the real blow-up of Ux along Ux ∩ D. Then by
Theorem 2.14, for any open subset W ⊂ U˜x such that W ∩ $−1(Ux ∩ D) 6= ∅, W ⊂
Int($−1(Ux,j)) and we have an isomorphism
(M|Ux)A|W '
(⊕
i
EϕiUx\D|Ux
)A|W .
Hence the proof is completed.
3.3 Quasi-Normal Form
In this subsection, we define enhanced ind-sheaves which have a quasi-normal form along
a normal crossing divisor and prove that they are nothing but the images of holonomic
D-modules which have a quasi-normal form via the enhanced solution functor. Let X be
a complex manifold and D a normal crossing divisor of X.
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Definition 3.11. We say that an enhanced ind-sheaf K ∈ E0(ICX) has a quasi-normal
form along D if
(i) pi−1CX\D ⊗K ∼−→ K,
(ii) for any x ∈ X \ D, there exist an open neighborhood Ux ⊂ X \ D of x and a
non-negative integer k such that
K|Ux ' (CEUx)⊕k,
(iii) for any x ∈ D, there exist an open neighborhood Ux ⊂ X of x and a ramification
px : U
′
x → Ux of Ux along Dx := Ux ∩D such that Ep−1x (K|Ux) has a normal form
along D′x := p
−1
x (Dx).
Proposition 3.12. Any enhanced ind-sheaf which has a quasi-normal form along D is
an R-constructible enhanced ind-sheaf.
Proof. Let K ∈ E0(ICX) be an enhanced ind-sheaf which has a quasi-normal form along
D. Since K satisfies the condition (ii) in Definition 3.11 and the constant enhanced
ind-sheaf CE is R-constructible, for any x ∈ X \ D, there exists an open neighborhood
Ux ⊂ X \ D of x such that K|Ux ∈ EbR−c(ICUx). Since K satisfies the condition (iii)
in Definition 3.11, for any x ∈ D, there exist an open neighborhood Ux of x and a
ramification px : U
′
x → Ux such that Ep−1x (K|Ux) is R-constructible because an enhanced
ind-sheaf which has a normal form is R-constructible. Since px is proper, Epx∗Ep−1x (K|Ux)
is also R-constructible by [DK16, Theorem 4.9.11 (ii)]. Therefore K|Ux which is a direct
summand of Epx∗Ep−1x (K|Ux) is also R-constructible by [DK16, Theorem 4.9.6]. Since the
R-constructability of enhanced ind-sheaves is a local property, the proof is completed.
The following lemma means that the enhanced solution functor SolEX induces an equiva-
lence of categories between the full subcategory of E0R−c(ICX) consisting of objects which
have a quasi-normal form and the one of Mod(DX) consisting of objects which have a
quasi-normal form.
Lemma 3.13. (1) For any holonomic DX-module M which has a quasi-normal form
along D, the enhanced solution complex K := SolEX(M) of M has a quasi-normal
form along D.
(2) For any enhanced ind-sheaf K ∈ E0(ICX) which has a quasi-normal form along D,
RHEX(K) is a holonomic DX-module which has a quasi-normal form along D and
there exists an isomorphism
K
∼−→ SolEX
(
RHEX(K)
)
.
Proof. (1) By Theorem 2.6 (2), Sublemma 3.8(1) and Lemma 3.10(1), we obtain the
assertion.
(2) Let us consider M := RHEX(K) ∈ Db(DX). By Sublemma 3.8 (2), M satisfies
the conditions M(∗D) ' M and Sing.Supp(M) ⊂ D. If M is a holonomic DX-module
and the canonical morphism Φ : K → SolEX(M) is an isomorphism, M satisfies the third
condition in Definition 2.11 by Theorem 2.6 (2), Lemma 3.10 (2) and the fact that K
satisfies the third condition in Definition 3.11. Hence, it is enough to prove that M is
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holonomic and the canonical morphism K → SolEX(M) is an isomorphism. Since M is
holonomic on X\D and the restriction Φ|X\D of Φ to X\D is an isomorphism, we shall
show that for any x ∈ D there exists an open neighborhood Ux of x such that M is
holonomic over Ux and the restriction Φ|Ux of Φ to Ux is an isomorphism. By Lemma
3.10 (2) and the condition (iii) in the Definition 3.11, for any x ∈ D there exist an open
neighborhood Ux of x, a ramification px : U
′
x → Ux of Ux along Dx := Ux ∩ D and a
holonomic DU ′x-module NU ′x which has a normal form along D′x := p−1x (Dx) such that
Ep−1x (K|Ux) = SolEU ′x(NU ′x). Then we obtain an isomorphism
NU ′x ' RHomE
(
Ep−1x (K|Ux),OEU ′x
)
by Theorem 2.7 (1). Moreover, we have isomorphisms
Dpx∗NU ′x ' Dpx∗RHomE
(
Ep−1x (K|Ux),OEU ′x
)
' Rpx∗RHomE
(
Ep−1x (K|Ux),Ep!xOEUx
)
' RHomE(Epx∗Ep−1x (K|Ux),OEUx)
where in the second (resp. last) isomorphism we used Sublemma 3.7 and [DK16, Theorem
9.1.2 (i)] (resp. [DK16, Lemma 4.5.17]). Hence M|Ux is a direct summand of Dpx∗NU ′x
because K|Ux is a direct summand of Epx∗Ep−1x (K|Ux). Since the morphism px is proper,
Dpx∗NU ′x is holonomic by [Sab11, Theorem 4.4.1], therefore M|Ux is also holonomic. We
shall prove the restriction Φ|Ux of Φ to Ux is an isomorphism. It is enough to show
that the canonical morphism Epx∗Ep−1x (K|Ux) → SolEUx
(
RHEUx
(
Epx∗Ep−1x (K|Ux)
))
is an
isomorphism because K|Ux is a direct summand of Epx∗Ep−1x (K|Ux). This follows from
isomorphisms below:
SolEUx
(
RHEUx
(
Epx∗Ep−1x (K|Ux)
)) ' SolEUx(RHomE(Epx∗Ep−1x (K|Ux),OEUx))
' SolEUx(Dpx∗NU ′x)
' Epx∗SolEU ′x(NU ′x)
' Epx∗Ep−1x (K|Ux)
where the third (resp. last) isomorphism follows from Theorem 2.6 (3) (resp. the definition
of NU ′x). Hence the proof is completed.
3.4 Modified Quasi-Normal Form
In this subsection, we define enhanced ind-sheaves which have a modified quasi-normal
form along an analytic hypersurface. Moreover, we show that these are nothing but
the images of meromorphic connections via the enhanced solution functor. Let X be a
complex manifold and Y an analytic hypersurface of X.
Definition 3.14. We say that an enhanced ind-sheaf K ∈ E0(ICX) has a modified quasi-
normal form along Y if
(i) pi−1CX\Y ⊗K ∼−→ K,
(ii) for any x ∈ X \ Y , there exist an open neighborhood Ux ⊂ X \ Y of x and a
non-negative integer k such that
K|Ux ' (CEUx)⊕k,
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(iii) for any x ∈ Y , there exist an open neighborhood Ux ⊂ X of x and a modification
fx : U
′
x → Ux of Ux along Yx := Ux ∩ Y such that Ef−1x (K|Ux) has a quasi-normal
form along D′x := f
−1
x (Yx).
Proposition 3.15. Any enhanced ind-sheaf which has a modified quasi-normal form along
Y is an R-constructible enhanced ind-sheaf.
Proof. By the condition (ii) in Definition 3.14, for any x ∈ X \ D, there exists an open
neighborhood Ux ⊂ X \ D of x such that K|Ux ∈ EbR−c(ICUx) because the constant
enhanced ind-sheaf CEUx is R-constructible.
By the condition (iii) in Definition 3.14, for any x ∈ Y , there exist an open neighbor-
hood Ux of x and a modification fx : U
′
x → Ux such that Ef−1x (K|Ux) has a quasi-normal
form along D′x := f
−1
x (Ux∩Y ), and hence it is R-constructible by Proposition 3.12. Since
fx is proper, Efx∗Ef−1x (K|Ux) is also R-constructible by [DK16, Proposition 4.9.11 (ii)].
By the condition (i) in Definition 3.14 and the fact that the modification fx induces an
isomorphism U ′x\D′x ∼−→ Ux\Y , we have isomorphisms
Efx∗Ef−1x (K|Ux) ' Efx∗Ef−1x
(
(pi−1CX\Y ⊗K)|Ux
)
' Efx∗Ef−1x (pi−1CUx\Y ⊗K|Ux)
' pi−1CUx\Y ⊗K|Ux ' K|Ux .
Therefore K|Ux is also R-constructible.
The following lemma means that the enhanced solution functor SolEX induces an equiv-
alence of categories between the full subcategory of E0R−c(ICX) consisting of objects which
have a modified quasi-normal form and the abelian category Conn(X;Y ) of meromorphic
connections on X along Y .
Lemma 3.16. (1) For any meromorphic connection M on X along Y , the enhanced
solution complex K := SolEX(M) of M has a modified quasi-normal form along Y .
(2) For any enhanced ind-sheaf K ∈ E0(ICX) which has a modified quasi-normal form
along Y , RHEX(K) is a meromorphic connection on X along Y which satisfies
K
∼−→ SolEX
(
RHEX(K)
)
.
Proof. (1) This follows from Corollary 2.13, Sublemma 3.8 (1) and Lemma 3.13 (1).
(2) Let us consider M := RHEX(K) ∈ Db(DX). It is clear that M satisfies the
conditions M(∗Y ) ' M and Sing.Supp(M) ⊂ Y by Sublemma 3.8 (2). We shall prove
that M is a holonomic DX-module and the canonical morphism Φ : K → SolEX(M) is
an isomorphism. Now, M is holonomic on X\Y and the restriction Φ|X\Y of Φ to X\Y
is an isomorphism. Hence, it is enough to show that for any x ∈ Y there exists an open
neighborhood Ux of x such that M is holonomic over Ux and the restriction Φ|Ux of Φ
to Ux is an isomorphism. By Lemma 3.13 (2) and the fact that K satisfies the condition
(iii) in the Definition 3.14, for any x ∈ Y there exist an open neighborhood Ux of x, a
modification fx : U
′
x → Ux of Ux along Yx := Ux ∩ Y and a holonomic DU ′x-module NU ′x
which has a quasi-normal form along D′x := f
−1
x (Yx) such that Ef
−1
x (K|Ux) = SolEU ′x(NU ′x).
Then we obtain an isomorphism
NU ′x ' RHomE
(
Ef−1x (K|Ux),OEU ′x
)
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by Theorem 2.7. Moreover, we have isomorphisms
Dfx∗NU ′x ' Dfx∗RHomE
(
Ef−1x (K|Ux),OEU ′x
)
' Rfx∗RHomE
(
Ef−1x (K|Ux),Ef !xOEUx
)
' RHomE(Efx∗Ef−1x (K|Ux),OEUx)
' RHomE(K|Ux ,OEUx) 'M|Ux ,
where in the second (resp. third) isomorphism we used Sublemma 3.7 and [DK16,
Theorem 9.1.2 (i)] (resp. [DK16, Lemma 4.5.17]) and in the last one we used fact
Efx∗Ef−1x (K|Ux) ' K|Ux . Since the morphism fx is a modification, Dfx∗(NU ′x) is also a
meromorphic connection on Ux along Yx by [Sab13, Proposition 8.16] and thereforeM|Ux
is also meromorphic connection (in particular, holonomic). Moreover by the definition of
NU ′x we have isomorphisms
K|Ux ' Efx∗Ef−1x (K|Ux)
' Efx∗SolEU ′x(NU ′x)
' SolEUx(Dfx∗NU ′x)
' SolEUx(M|Ux) ' SolEX(M)|Ux
where third isomorphism follows from Theorem 2.6 (3) and hence the morphism Φ|Ux is
an isomorphism. The proof is completed.
Notatiton 3.17. We denote by E0mero(ICX(Y )) the essential image of
SolEX : Conn(X;Y )
op → E0R−c(ICX).
This abelian category is nothing but the full subcategory of E0R−c(ICX) consisting of en-
hanced ind-sheaves which have a modified quasi-normal form along Y by Lemma 3.16.
Moreover, we set
Dbmero(DX(Y )) := {M ∈ Dbhol(DX) | Hi(M) ∈ Conn(X;Y ) for any i ∈ Z},
Ebmero(ICX(Y )) := {K ∈ EbR−c(ICX) | Hi(K) ∈ E0mero(ICX(Y )) for any i ∈ Z}.
Since the category Dbmero(DX(Y )) is a full triangulated subcategory of Dbhol(DX) and
the category Ebmero(ICX(Y )) is a full triangulated subcategory of EbR−c(ICX), the following
proposition is obvious by induction on the length of the complex:
Proposition 3.18. The enhanced solution functor SolEX induces an equivalence of trian-
gulated categories
Dbmero(DX(Y ))op ∼−→ Ebmero(ICX(Y )),
and hence we obtain a commutative diagram
Dbmero(DX(Y ))op ∼ //
SolEX

Ebmero(ICX(Y ))
Conn(X;Y )op
SolEX
∼ //
⋃
E0mero(CX(Y )).
⋃
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3.5 C-Constructible Enhanced Ind-Sheaves
In this subsection we define C-constructible enhanced ind-sheaves and prove the main
theorem. Let X be a complex manifold.
Definition 3.19. We say that an enhanced ind-sheaf K ∈ E0(ICX) is C-constructible if
there exists a complex stratification {Xα}α of X such that
pi−1CZα\Dα ⊗ Ef−1α K
has a modified quasi-normal form along Dα for any α, where fα : Zα → X is a complex
blow-up of Xα along Xα \Xα and Dα := f−1α (Xα \Xα). Namely Zα is a complex mani-
fold, Dα is a normal crossing divisor of Zα and fα is a projective map which induces an
isomorphism Zα \Dα ∼−→ Xα and satisfies fα(Zα) = Xα.
We call such a family {Xα}α∈A a stratification adapted to K.
Remark 3.20. (1) Definiton 3.19 does not depend on the choice of the complex blow-up
fα by Sublemma 3.22 below.
(2) In the situation as above, since pi−1CZα\Dα ⊗ Ef−1α K has a modified quasi-normal
form along Dα, there exists a meromorphic connection Nα on Zα along Dα such
that
pi−1CZα\Dα ⊗ Ef−1α K ∼−→ SolEZα(Nα)
by Lemma 3.16 (2). By applying the direct image functor Efα!! we obtain an
isomorphism
pi−1CXα ⊗K ∼−→ SolEX(Dfα∗Nα)[dX − dXα ].
Moreover, by [Sab11, Theorem 4.4.1], we have Dfα∗Nα ∈ Dbhol(DX) and hence
pi−1CXα ⊗K ∈ EbR−c(ICX).
We denote by E0C−c(ICX) the full subcategory of E0(ICX) whose objects are C-
constructible and set
EbC−c(ICX) := {K ∈ Eb(ICX) | Hi(K) ∈ E0C−c(ICX) for any i ∈ Z} ⊂ Eb(ICX).
Proposition 3.21. The category E0C−c(ICX) is the full abelian subcategory of E0R−c(ICX).
Hence the category EbC−c(ICX) is a full triangulated subcategory of EbR−c(ICX).
Proof. First let us prove that the category E0C−c(ICX) is abelian. It is enough to show
that the kernel and the cokernel of a morphism Φ : K → L of C-constructible enhanced
ind-sheaves are also C-constructible. By Lemma 3.23 below, we can take a common
stratification {Xα}α adapted to K and L with a common complex blow-up fα : Zα → X of
Xα along Xα\Xα such that there exist meromorphic connectionsMα,Nα on Zα satisfying
the following isomorphisms
pi−1CZα\Dα ⊗ Ef−1α K ∼−→ SolEZα(Mα), pi−1CZα\Dα ⊗ Ef−1α L
∼−→ SolEZα(Nα),
where we set Dα = f
−1
α (Xα \ Xα). Let ϕα := RHEZα(pi−1CZα\Dα ⊗ Ef−1α Φ) : Nα → Mα
be the morphism of meromorphic connections induced by the morphism Φ : K → L.
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Since the category of meromorphic connections is abelian, Cokerϕα is a meromorphic
connection on Zα along Dα. Moreover, we have
Ker
(
SolEZα(ϕα)
) ' SolEZα(Cokerϕα)
because we have an equivalence of abelian categories
SolEZα : Conn(Zα;Dα)
op ∼−→ E0mero(ICZα(Dα))
by Lemma 3.16 (see also Notation 3.17). Then we obtain a commutative diagram
0 // pi−1CZα\Dα ⊗ Ef−1α Ker Φ //
∃ o

pi−1CZα\Dα ⊗ Ef−1α K //
o

pi−1CZα\Dα ⊗ Ef−1α L
o

0 // Ker
(
SolEZα(ϕα)
)
//
o
SolEZα(Mα) SolEZα (ϕα)
// SolEZα(Nα).
SolEZα(Cokerϕα)
Therefore, we have pi−1CZα\Dα ⊗ Ef−1α (Ker Φ) ∈ E0mero(ICZα(Dα)) and hence, Ker Φ is
C-constructible. Similarly we can show that Coker Φ is C-constructible.
Let us prove that any C-constructible enhanced ind-sheaf is R-constructible. Let
{Xα}α∈A be a stratification of X adapted to K, then pi−1CXα ⊗ K is R-constructible,
see Remark 3.20 (2). Therefore by Lemma 2.5, for each α ∈ A there exist a locally
finite family {Zαβ }β∈Bα of locally closed subanalytic subset of X and a family {Fαβ }β∈Bα
of objects of DbR−c(CX×R∞) such that
CEX
+⊗Fαβ ' pi−1CZαβ ⊗ (pi−1CXα ⊗K) ' pi−1CXα∩Zαβ ⊗K.
Hence, the proof is completed by Lemma 2.5.
Sublemma 3.22. Let K ∈ E0C−c(ICX) and {Xα}α∈A a stratification of X adapted to K.
Then any stratification of X which is finer than the one {Xα}α∈A is also adapted to K.
Proof. Let {Yβ}β∈B be a stratification of X finer than the one {Xα}α∈A. Then for each
β ∈ B there exists α ∈ A such that Yβ ⊂ Xα. Then we have the diagram:
Zα
fα
&&
// Xα
  //⋃ X
Wβ //
gβ
88Yβ
  // X,
where gβ : Wβ → X is a complex blow-up of Yβ along Yβ \ Yβ. We set Hβ := g−1β (Yβ \ Yβ)
then an enhanced ind-sheaf
pi−1CWβ\Hβ ⊗ Eg−1β K
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is concentrated in degree zero because the functor pi−1CWβ\Hβ ⊗ Eg−1β (·) is t-exact with
respect to the standard t-structure (see [DK19, Proposition 2.7.3 (iv) and Lemma 2.7.5
(i)]). Now there exists a meromorphic connection Mα on Zα along Dα such that
pi−1CXα ⊗K ' Efα!!SolEZα(Mα)
and hence we have a sequence of isomorphisms
pi−1CWβ\Hβ ⊗ Eg−1β K ' Eg−1β (pi−1CYβ ⊗K)
' Eg−1β
(
pi−1CYβ ⊗ (pi−1CXα ⊗K)
)
' Eg−1β
(
pi−1CYβ ⊗ Efα!!SolEZα(Mα)
)
' pi−1CWβ\Hβ ⊗ Eg−1β Efα!!SolEZα(Mα)
' pi−1CWβ\Hβ ⊗ SolEWβ
(
Dg∗βDfα∗(Mα)
)
[dX − dZα ]
' SolEWβ
(
(Dg∗βDfα∗Mα)(∗Hβ)[dZα − dX ]
)
,
where in the fifth (resp. sixth) isomorphism we used Theorem 2.6 (2) and (3) (resp.
Theorem 2.6 (5)). Let us set
Nβ := (Dg∗βDfα∗Mα)(∗Hβ)[dZα − dX ] ∈ Db(DWβ).
Since fα is proper we have Nβ ∈ Dbhol(DWβ). Moreover since Nβ|Wβ\Hβ is an integrable
connection on Wβ\Hβ we have Nβ ∈ Dbmero(Wβ;Hβ). Since the enhanced ind-sheaf
pi−1CWβ\Hβ ⊗ Eg−1β K is concentrated in degree zero, we obtain Nβ ∈ Conn(Wβ;Hβ) by
Proposition 3.18. Therefore we have
pi−1CWβ\Hβ ⊗ Eg−1β K ∈ E0mero(ICWβ(Hβ))
and the proof is completed.
By this sublemma, it is clear that the C-constructability is local property and the
following holds. Moreover, Definiton 3.19 does not depend on the choice of the complex
blow-up fα.
Lemma 3.23. For any two C-constructible enhanced ind-sheaves K,L ∈ E0C−c(ICX),
there exist a common stratification {Xα}α adapted to K and L with a common complex
blow-up of Xα along Xα\Xα.
Proof. This follows from Sublemma 3.22.
Lemma 3.24. Let M be a holonomic DX-module. Then there exists a stratification
{Xα}α∈A of X such that for any α ∈ A and any complex blow-up fα : Zα → X of Xα
along Xα \Xα we have (Df ∗αM)(∗Dα) ∈ Dbmero(DZα(Dα)), where Dα := f−1α (Xα \Xα) is
a normal crossing divisor of Zα.
Proof. First we shall construct a stratification {Xα}α∈A such that any cohomology of
Di∗Xα(M) is an integrable connection on Xα for each α ∈ A.
We put Y := Sing.Supp(M). Then Y is an analytic subset of X and M|X\Y is an
integrable connection on X \ Y by definition. Let us set
Y1 := Ysing ∪ Sing.Supp(Di∗YregM) = Ysing ∪ Sing.Supp(Di∗YregM) ⊂ Y.
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Then Y1 is an analytic subset of X and Y \ Y1 ⊂ Yreg \ Sing.Supp(Di∗YregM). Hence,
any cohomology of Di∗Y \Y1M is an integrable connection on Y \ Y1. Similarly to the
construction as above, we put
Yk+1 := (Yk)sing ∪ Sing.Supp(Di∗(Yk)regM) = (Yk)sing ∪ Sing.Supp(Di∗(Yk)regM) ⊂ Yk.
Since Yk \ Yk+1 ⊂ (Yk)reg \ Sing.Supp(Di∗(Yk)regM), any cohomology of Di∗Yk\Yk+1M is an
integrable connection on Yk \ Yk+1. By dimYk+1 < dimYk, there exists a positive integer
m ∈ N such that Ym+1 = ∅, Ym 6= ∅. Namely, Ym is a smooth analytic subset of X and
any cohomology of Di∗YmM is an integrable connection on Ym. Therefore we obtain a
partition
X = (X \ Y ) unionsq (Y \ Y1) unionsq · · · unionsq (Ym−1 \ Ym) unionsq Ym
and the desired stratification {Xα}α∈A finer than it.
Let fα : Zα → X be a complex blow-up of Xα along Xα \Xα and Dα := f−1α (Xα \Xα).
Since the restriction of fα to Zα \ Dα induces an isomorphism Zα \ Dα ∼−→ Xα, any
cohomology of (Df ∗αM)|Zα\Dα is an integrable connection on Zα \Dα. Hence we obtain
(Df ∗αM)(∗Dα) ∈ Dbmero(DZα(Dα)) by [Kas78, Theorem 3.1]. The proof is completed.
Proposition 3.25. For any M ∈ Dbhol(DX) the enhanced solution complex SolEX(M) of
M is an object of EbC−c(ICX).
Proof. Since the category Dbhol(DX) is a full triangulated subcategory of Db(DX) and the
category EbC−c(ICX) is a full triangulated subcategory of EbR−c(ICX), it is enough to show
the assertion in the caseM∈ Modhol(DX) by induction on the lengths of the complexes.
Let M ∈ Modhol(DX) and we put K := SolEX(M). By Lemma 3.24, there exist a
stratification {Xα}α∈A of X and a complex blow-up fα : Zα → X of Xα along Xα \ Xα
for each α ∈ A such that (Df ∗αM)(∗Dα) ∈ Dbmero(DZα(Dα)), where Dα := f−1α (Xα \Xα) is
a normal crossing divisor. Then we have
pi−1CZα\Dα ⊗ Ef−1α K ' SolEZα
(
(Df ∗αM)(∗Dα)
) ∈ Ebmero(ICZα(Dα))
for any α ∈ A, where we used Theorem 2.6 (2), (5) and Proposition 3.18. Since the
functor pi−1CZα\Dα ⊗ Ef−1α (·) is exact we have
pi−1CZα\Dα ⊗ Ef−1α (HiK) ' Hi(pi−1CZα\Dα ⊗ Ef−1α K) ∈ E0mero(ICZα(Dα))
for any i ∈ Z. Therefore K ∈ EbC−c(ICX) and the proof is completed.
By this proposition and the irregular Riemann-Hilbert correspondence of A. D’Agnolo
and M. Kashiwara we obtain a fully faithful functor
SolEX : D
b
hol(DX)op ↪→ EbC−c(ICX).
We shall prove that this functor is essentially surjective.
Theorem 3.26. For any C-constructible enhanced ind-sheaf K ∈ EbC−c(ICX), there exists
M∈ Dbhol(DX) such that
K
∼−→ SolEX(M).
Therefore we obtain an equivalence of categories
Dbhol(DX)op
SolEX //∼ EbC−c(ICX)
RHEX
oo .
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Proof. By induction on the length of the complex, it is enough to show in the case of
K ∈ E0C−c(ICX). Let {Xα}α∈A be a stratification of X adapted to K and we put
Yk :=
⊔
dimXα≤k
Xα, Sk := Yk \ Yk−1 =
⊔
dimXα=k
Xα for any k = 0, 1, . . . , dX .
Then Y0 = S0 and X = YdX . Moreover, there exists a distinguished triangle
pi−1CSk ⊗K → pi−1CYk ⊗K → pi−1CYk−1 ⊗K +1−→ .
Hence, by induction on k, it is enough to show that pi−1CSk ⊗K ∈ SolEX(Dbhol(DX)) for
any k.
Let Si be decomposed into Z1 unionsq · · · unionsqZmi with some strata Z1, . . . , Zmi ∈ {Xα}α∈A. If
mi = 1, by Remark 3.20 (2) we have pi
−1CSi ⊗K ∈ SolEX(Dbhol(DX)). We shall prove the
case mi ≥ 2. In this case there exists a distinguished triangle
pi−1CZ1 ⊗K → pi−1CZ1unionsq···unionsqZj ⊗K → pi−1CZ2unionsq···unionsqZj ⊗K +1−→
for any j = 2, . . . ,mi. Hence, by induction on j it is enough to show that pi
−1CZ1 ⊗K ∈
SolEX(D
b
hol(DX)). However, it follows from Remark 3.20 (2).
By Theorem 2.7 (2), we obtain:
Corollary 3.27. The functor e : Db(CM) ↪→ Ebstb(ICM) induces an embedding
DbC−c(CX) ↪→ EbC−c(ICX)
and hence we have a commutative diagram
Dbhol(DX)op ∼ //
SolEX

EbC−c(ICX)
Dbrh(DX)op SolX
∼ //
⋃
DbC−c(CX).
?
e
OO
Moreover by Proposition 2.8 and the fact that there exists an isomorphism
sh
(
SolEX(M)
) ' SolX(M) for M∈ Dbhol(DX), we have:
Corollary 3.28. The functor sh : Eb(ICX)→ Db(CX) induces
EbC−c(ICX)→ DbC−c(CX)
and hence we have a commutative diagram
Dbhol(DX)op ∼ //
SolEX
(·)reg


EbC−c(ICX)
sh

Dbrh(DX)op SolX
∼ // DbC−c(CX).
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The C-constructability is closed under many operations.
Proposition 3.29. Let f : X → Y be a morphism of complex manifolds and K,K1, K2 ∈
EbC−c(ICX), L ∈ EbC−c(ICY ). Then we have
(1) K1
+⊗K2,RIhom+(K1, K2) and K
+
 L are C-constructible,
(2) DEX(K) ∈ EbC−c(ICX) and K ∼−→ DEXDEXK,
(3) Ef−1L and Ef !L are C-constructible,
(4) if f is proper Ef!!K(' Ef∗K) is C-constructible.
Proof. Since the proofs of these assertions in the proposition are similar, we only prove
the first one of (3).
Let f : X → Y be a morphism of complex manifolds and L ∈ EbC−c(ICY ). Then we
have isomorphisms
Ef−1L ' Ef−1
(
SolEY
(
RHEY (L)
)) ' SolEX(Df ∗(RHEY (L))),
where in the second isomorphism we used Theorem 2.6 (2). Since Df ∗
(
RHEY (L)
) ∈
Dbhol(DX) then we obtain Ef−1L ∈ EbC−c(ICX).
By this proposition, the functor RHE commutes with many operations as below
Corollary 3.30. Let f : X → Y be a morphism of complex manifolds and K,K1, K2 ∈
EbC−c(ICX), L ∈ EbC−c(ICY ). Then
(1) RHEX(K1
+⊗K2) ' RHEX(K1)
D⊗ RHEX(K2),
(2) RHEX
(
RIhom+(K1, K2)
) ' RHomOX(RHEX(K1),RHEX(K2)),
(3) RHEX×Y (K
+
 L) ' RHEX(K)
D
 RHEY (L),
(4) RHX(D
E
XK)[2dX ] ' DX(RHEXK),
(5) RHEX(Ef
−1L) ' Df ∗(RHEY (L)).
Proof. Since the proofs of these assertions in the corollary are similar, we only prove (5).
Let f : X → Y be a morphism of complex manifolds and L ∈ EbC−c(ICY ). Then we have
a sequence of isomorphisms
RHEX(Ef
−1L) ' RHEX
(
Ef−1SolEY
(
RHEY (L)
))
' RHEX
(
SolEY
(
Df ∗
(
RHEY (L)
)))
' Df ∗(RHEY (L)),
where the first and third isomorphisms follow from Theorem 3.26 and in the second
isomorphism we used Theorem 2.6 (2).
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On the other hand, we can prove that the functor RHEX commutes with the direct
image functors without assuming the C-constructability as follows:
Proposition 3.31. Let f : X → Y be a morphism of complex manifolds and K ∈
EbR−c(ICX) be an R-constructible enhanced ind-sheaf. Then we have
RHEY (Ef!!K)[dY ] ' Df∗
(
RHEX(K)
)
[dX ].
Proof. Indeed, we have isomorphisms
RHEY (Ef!!K) = RHomE(Ef!!K,OEY )
' Rf∗RHomE(K,Ef !OEY )
' Df∗
(
RHEX(K)
)
[dX − dY ],
where in the second (resp. last) isomorphism we used [DK16, Lemma 4.5.17] (resp. [DK16,
Theorem 9.1.2 (1)] and Sublemma 3.7).
4 Enhanced Perverse Ind-Sheaves
In this section, we will define a t-structure on the triangulated category EbC−c(ICX) of C-
constructible enhanced ind-sheaves so that its heart is equivalent to the abelian category
Modhol(DX) of holonomic DX-modules. Recall that sh := αXi!0RE : Eb(ICX)→ Db(CX)
denotes the sheafification functor and for any C-constructible enhanced ind-sheaf K, its
sheafification sh(K) is a C-constructible sheaf by Corollary 3.28.
We denote by DX : D
b(CX)op → Db(CX) the Verdier dual functor for sheaves, see
[KS90, §3] for the definition. The sheafification functor sh : EbC−c(ICX) → DbC−c(CX)
commutes with the duality functor as follows.
Lemma 4.1. For any K ∈ EbC−c(ICX) there exists an isomorphism
sh
(
DEX(K)
) ' DX(sh(K)).
Proof. Let K ∈ EbC−c(ICX). Then there exists an isomorphism SolEX
(
RHEX(K)
) ∼−→ K by
Theorem 3.26. Therefore we have a sequence of isomorphisms
sh
(
DEX(K)
) ' sh(DEX(SolEX(RHEX(K)))
' sh(SolEX(DX(RHEX(K)))[2dX ]
' SolX
(
DX
(
RHEX(K)
))
[2dX ]
' DX
(
SolX(RH
E
X(K))
)
' DX
(
sh
(
SolEX(RH
E
X(K))
))
' DX(sh(K)),
where in the second isomorphism we used Theorem 2.6 (1), in the third and fifth ones
we used the isomorphism sh
(
SolEX(M)
) ' SolX(M) and in the forth one we used the
isomorphism SolX
(
DX(M)
)
[2dX ] ' DX
(
SolX(M)
)
for M∈ Dbhol(DX).
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Let us recall the definition of perverse sheaves. We consider the following full subcat-
egories of DbC−c(CX):
pD≤0C−c(CX) := {F ∈ DbC−c(CX) | dim(suppHiF) ≤ −i for any i ∈ Z},
pD≥0C−c(CX) := {F ∈ DbC−c(CX) | DX(F) ∈ pD≤0C−c(CX)}
= {F ∈ DbC−c(CX) | dim(suppHiDX(F)) ≤ −i for any i ∈ Z}.
Then
(
pD≤0C−c(CX), pD
≥0
C−c(CX)
)
is a t-structure on DbC−c(CX). We denote by Perv(CX)
the heart of its t-structure and call an object of Perv(CX) a perverse sheaf.
Definition 4.2. We define full subcategories of EbC−c(ICX) by
pE≤0C−c(ICX) := {K ∈ EbC−c(ICX) | shX(K) ∈ pD≤0C−c(CX)},
pE≥0C−c(ICX) := {K ∈ EbC−c(ICX) | DEX(K) ∈ pE≤0C−c(ICX)}
= {K ∈ EbC−c(ICX) | shX(K) ∈ pD≥0C−c(CX)} ( by Lemma 4.1).
The following fact was proved by [Kas75, Theorem 4.1] and [Bjo¨93, Theorem 3.5.1].
Fact 4.3. For any M∈ Dbhol(DX), we have
(1) M∈ D≤0hol(DX)⇐⇒ SolX(M)[dX ] ∈ pD≥0C−c(CX),
(2) M∈ D≥0hol(DX)⇐⇒ SolX(M)[dX ] ∈ pD≤0C−c(CX).
Theorem 4.4. For any M∈ Dbhol(DX), we have
(1) M∈ D≤0hol(DX)⇐⇒ SolEX(M)[dX ] ∈ pE≥0C−c(ICX),
(2) M∈ D≥0hol(DX)⇐⇒ SolEX(M)[dX ] ∈ pE≤0C−c(ICX).
Therefore, the pair
(
pE≤0C−c(ICX), pE
≥0
C−c(ICX)
)
is a t-structure on EbC−c(ICX) and its
heart
Perv(ICX) := pE≤0C−c(ICX) ∩ pE≥0C−c(ICX)
is equivalent to the abelian category Modhol(DX) of holonomic DX-modules.
Proof. Since there exists an isomorphism sh
(
SolEX(M)
) ' SolX(M) for any M ∈
Dbhol(DX), this theorem follows from Fact 4.3 .
Let us recall that the triangulated category EbR−c(ICX) has generalized t-structures(
1
2
E≤cR−c(ICX), 12E
≥c
R−c(ICX)
)
c∈R and
( 1
2E≤cR−c(ICX),
1
2E≥cR−c(ICX)
)
c∈R
such that for any c ∈ Z we have
1
2E≤cR−c(ICM) ⊂ 12E
≤c
R−c(ICM) ⊂ E≤cR−c(ICM),
E≥cR−c(ICM) ⊂ 12E
≥c
R−c(ICM) ⊂
1
2E≥cR−c(ICM)
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by [DK19, Lemma 3.2.3, Lemma 3.4.4 and (3.5.1)] (see also §2.5). Moreover, for any
c ∈ R we have
SolEX
(
D≤chol(DX)
)
[dX ] ⊂ 1
2
E≥−cR−c(ICX) ⊂
1
2E≥−cR−c(ICX),
SolEX
(
D≥chol(DX)
)
[dX ] ⊂ 12E≤−cR−c(ICX),
RHEX
(
1
2E≤cR−c(ICX)
)
[dX ] ⊂ D≥−c(DX).
by [DK19] (see also §2.5 and Theorem 2.7 (3)).
Corollary 4.5. We have
pE≤0C−c(ICX) =
1
2E≤0R−c(ICX) ∩ EbC−c(ICX),
pE≥0C−c(ICX) = 12E
≥0
R−c(ICX) ∩ EbC−c(ICX)
=
1
2E≥0R−c(ICX) ∩ EbC−c(ICX).
Proof. Let us only check that
pE≥0C−c(ICX) = 12E
≥0
R−c(ICX) ∩ EbC−c(ICX) =
1
2E≥0R−c(ICX) ∩ EbC−c(ICX).
First, we remark that, since 1
2
E≥0R−c(ICX) ⊂
1
2E≥0R−c(ICX), we have
1
2
E≥0R−c(ICX) ∩ EbC−c(ICX) ⊂
1
2E≥0R−c(ICX) ∩ EbC−c(ICX).
If K ∈ pE≥0C−c(ICX) then RHEX(K) ∈ D≤dXhol (DX) by Theorem 4.4 (1) and hence,
K
∼−→ SolEX
(
RHEX(K)
) ∈ 1
2
E≥0R−c(ICX)
by Theorem 2.7 (3). Namely, we obtain K ∈ 1
2
E≥0R−c(ICX) ∩ EbC−c(ICX).
On the other hand, if K ∈ 12E≥0R−c(ICX) ∩ EbC−c(ICX) then
DEX(K) ∈
1
2E≤0R−c(ICX) ∩ EbC−c(ICX)
by the definition of the generalized t-structure
( 1
2E≤cR−c(ICX),
1
2E≥cR−c(ICX)
)
c∈R on
EbR−c(ICX) and Proposition 3.29 (2). By Theorem 2.7 (3), we have RH
E
X(D
E
XK) ∈
D≥dXhol (DX) and hence,
sh
(
DEX(K)
) ∼−→ SolX(RHEX(DEXK)) ∈ pD≤0C−c(CX)
by Theorem 4.4 (2). Namely, we obtain K ∈ pE≥0C−c(ICX).
Definition 4.6. We say that K ∈ EbC−c(ICX) is a enhanced perverse ind-sheaf if K ∈
Perv(ICX) := pE≤0C−c(ICX) ∩ pE≥0C−c(ICX).
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By the definition of the t-structure
(
pE≤0C−c(ICX), pE
≥0
C−c(ICX)
)
, we have
DEX(K) ∈ pE≥0C−c(ICX) for K ∈ pE≤0C−c(ICX),
DEX(K) ∈ pE≤0C−c(ICX) for K ∈ pE≥0C−c(ICX).
Thus, the functor DEX induces an equivalence of categories
DEX : Perv(ICX)op
∼−→ Perv(ICX).
Since id
∼−→ sh ◦ e, by Corollary 3.27 we obtain:
Proposition 4.7. (1) For any F ∈ pD≤0C−c(CX), we have e(F) ∈ pE≤0C−c(ICX).
(2) For any F ∈ pD≥0C−c(CX), we have e(F) ∈ pE≥0C−c(ICX).
(3) The functor e : DbC−c(CX) ↪→ EbC−c(ICX) induces an embedding
Perv(CX) ↪→ Perv(ICX).
Note that the sheafification functor sh : Eb(ICX) → Db(CX) commutes with the
direct image functor. Indeed, let f : X → Y be a morphism of complex manifolds and
K ∈ Ebstb(ICX). Then we have a sequence of isomorphisms
shY (Ef∗K) ' RHomE(C{t≥0} ⊕ C{t≤0},Ef∗K)
' Rf∗RHomE
(
Ef−1(C{t≥0} ⊕ C{t≤0}), K
)
' Rf∗RHomE(C{t≥0} ⊕ C{t≤0}, K)
' Rf∗
(
shX(K)
)
,
where in the second isomorphism we used [DK16, Lemma 4.5.17].
Proposition 4.8. Let f : X → Y be a proper morphism of complex manifolds. We
assume that there exists a non-negative integer d ∈ Z≥0 such that dim f−1(y) ≤ d for any
y ∈ Y . Here dim f−1(y) is the dimension of f−1(y) as an analytic space. Then we have
(1) for any K ∈ pE≤0C−c(ICX), we have Ef!!K ∈ pE≤dC−c(ICY ),
(2) for any K ∈ pE≥0C−c(ICX), we have Ef!!K ∈ pE≥−dC−c (ICY ).
Proof. Since the proofs of these assertions in the proposition are similar, we only prove
the assertion (1). If F ∈ pD≤0C−c(CX) then Rf!K ∈ pD≤dC−c(CY ) by the assumptions (see,
e.g., [HTT08, Proposition 8.1.42]). Since sh(K) ∈ pD≤0C−c(CX), we have sh(Ef!!K) '
Rf!
(
sh(K)
) ∈ pD≤dC−c(CY ) and hence Ef!!K ∈ pE≤dC−c(ICY ).
By using the properties of the R-constructible enhanced ind-sheaves, we have:
Proposition 4.9. Let f : X → Y be a morphism of complex manifolds. We assume that
there exists a non-negative integer d ∈ Z≥0 such that dim f−1(y) ≤ d for any y ∈ Y .
(1) For any L ∈ pE≤0C−c(ICY ) we have Ef−1L ∈ pE≤dC−c(ICX).
(2) For any L ∈ pE≥0C−c(ICY ) we have Ef !L ∈ pE≥−dC−c (ICX).
Proof. we only prove the assertion (1). For any L ∈ pE≤0C−c(ICY ) we have L ∈
1
2E≤0R−c(ICY ).
Hence, by [DK19, Proposition 3.5.6] we obtain Ef−1L ∈ 12E≤dR−c(ICX). Moreover since
Ef−1L is C-constructible by Proposition 3.29, we have Ef−1L ∈ pE≤dC−c(ICX).
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